Abstract. For a holomorphic function on a complex manifold, we show that the vanishing cohomology of lower degree at a point is determined by that for the points near it. This property is essentially equivalent to the perversity of the vanishing cycle complex. We give some applications to the monodromy.
Introduction
Let f be a nonconstant holomorphic function on a complex analytic space X. For each x ∈ Y := f −1 (0), we have the vanishing cohomology H j (F x , Q) where F x denotes the (typical) fiber of the Milnor fibration around x, and H means the reduced cohomology. It has been observed by many people that there are certain relations between the H j (F x , Q) for x ∈ Y . It is well-known that they form a constructible sheaf on Y (called the vanishing cohomology sheaf). P. Deligne [5] constructed a sheaf complex ϕ f Q X on Y (called the vanishing cycle complex) such that its cohomology sheaves H j ϕ f Q X are the vanishing cohomology sheaves.
Let L x denote the intersection of a sufficiently small sphere (in a smooth ambient space) around x ∈ Y with Y , which is called the link of {x} in Y . Let N = log T u with T u the unipotent part of the monodromy. Let H n−1 (F x , Q) 1 (resp. H n−1 (F x , Q) =1 ) denote the unipotent (resp. non unipotent) monodromy part, and similarly for the cohomology with compact supports. 0.1. Theorem. Assume that X is a locally complete intersection of dimension n + 1 (or more generally, Q X [n + 1] is a perverse sheaf ) and n ≥ 1. Then there are canonical isomorphisms
and a short exact sequence
Here K x is the kernel of a morphism β ϕ which is the direct sum of
Typeset by A M S-T E X (where (−1) denotes the Tate twist), and β ϕ, =1 coincides with the natural morphism (i.e. corresponds to the natural intersection form if X is a rational homology manifold ). If X is a rational homology manifold at x, then N β ϕ,1 coincides with the natural morphism. These morphisms and the short exact sequence are compatible with mixed Hodge structure.
In the 1-dimensional singular locus case, a similar assertion was obtained in [13] , see also [1] . Theorem (0.1) means that H j (F x , Q) for j < n − 1 (resp. j = n − 1) is completely (resp. partially) determined by the restriction of ϕ f Q X to the complement of x, and only H n (F x , Q) is essentially interesting if we know well about the restriction of ϕ f Q X to the complement of x. The proof easily follows from the well-known fact that the vanishing cycle complex ϕ f Q X is a (shifted) perverse sheaf. Actually, the first two assertions of Theorem (0.1) are essentially equivalent to the perversity of ϕ f Q X , assuming the perversity of its restriction to the complement of
can be calculated by using spectral sequences (1.5).
In Theorem (0.1) we can replace the vanishing cycle complex ϕ f Q X with the nearby cycle complex ψ f Q X in [5] , and β ϕ with β ψ :
In this case β ψ is a natural morphism, and in the isolated singularity case (where X is smooth), we get a well-known relation between the cohomology of the Milnor fiber and the link. Note that the morphism β ϕ in Theorem (0.1) for ϕ in the isolated singularity case is an isomorphism (i.e. the morphism corresponds to a nondegenerate pairing if X is a rational homology manifold), because ϕ f Q X | L x vanishes, see also (1.4) below.
Let T denote the monodromy of ϕ f Q X with the Jordan decomposition T = T u T s . For a complex number λ, set ϕ f,λ C X = Ker (T s − λ) ⊂ ϕ f C X (in the abelian category of shifted perverse sheaves), and N = log T u . Similarly, let H j (F x , C) λ = Ker (T s − λ). Then we can show 0.2. Theorem. Let j be a positive integer < n. Assume the monodromy of H j (F x , C) λ has a Jordan block of size m. Then the action of N m−1 on ϕ f,λ C X | U\{x} is nonzero for any open neighborhood U of x. Furthermore, there exist points y i ( = x) sufficiently near x for i ≤ j such that the monodromy of H i (F y i , C) λ has a Jordan block of size m i and
This is a refinement of Cor. 6.1.7 in [6] . Note that the support of the image of N k in ψ f Q (resp. in ϕ f,1 Q) as shifted perverse sheaves has dimension ≤ n − k (resp. ≤ n − k − 1), see e.g. [7] . In the case dim supp ϕ f,λ C X = r, we have H j ϕ f,λ C X = 0 for j < n − r (see (1.2.2) below), and the conclusion of Theorem (0.2) for j = n − r means that the monodromy of H n−r (F y , C) λ has a Jordan block of size m for any point y of a connected component of L x ∩supp ϕ f,λ C X (considering the subsheaf of H n−r ϕ f,λ C X defined by the image of N m−1 and using (2.5) below). In particular, we get
For the lowest degree part we have a more precise description of H n−r ϕ f,λ C X , see (2.5) below.
1. Vanishing Cycles 1.1. Nearby and vanishing cycles. Let f be a nonconstant holomorphic function on a connected complex analytic space X. Assume Q X [n + 1] is a perverse sheaf in the sense of [2] (in particular, dim X = n + 1). This is satisfied if X is a locally complete intersection, see e.g. [6] , Th. 5.1.19. (Indeed, if X is defined locally by a regular sequence g 1 , · · · , g r on a smooth space Z, we can show the acyclicity (except for one degree) of the algebraic local cohomology of O Z along X by using the inductive limit of the Koszul complex of g
Let A be a field of characteristic 0 (e.g. A = Q or C). We denote by ψ f A X , ϕ f A X the nearby and vanishing cycle complexes on Y := f −1 (0), see [5] . It is well-know that ψ f A X [n] and ϕ f A X [n] are perverse sheaves. (This follows for example from [8] , [9] , see also [3] .) We have the action of the semisimple part T s of the monodromy T on the shifted perverse sheaves. For λ ∈ A, let
By definition of vanishing cycles, we have
If A is algebraically closed, we have the decompositions
In general, we have
where ψ f, =1 , ϕ f, =1 denote the non unipotent monodromy part, and ψ f, =1 = ϕ f, =1 .
For x ∈ Y , we have isomorphisms
Here F x denotes the Milnor fiber as in the introduction, and H j (F x , A) λ is the λ-eigenspace as above. By [11] , [12], we have a canonical mixed Hodge structure on these groups (which coincides with the one in [14] for the isolated singularity case), see also [10] .
1.2. Localization sequence. Let F be a perverse sheaf on Y in the sense of [2] . In particular, 
and we get a long exact sequence
induced by the distinguished triangle
. Let D denote the functor assigning the dual. Since Di ! = i * D, and DF is a perverse sheaf, we get
Indeed, (1.2.3) is equivalent to the (dual) semi perversity of F (see [2] ) assuming the perversity of the restriction of F to the complement of x. 
where the horizontal morphisms are canonical isomorphisms, the first two vertical morphisms β F , β B are natural morphisms, and β ψ is induced by the natural morphism i ! → i * . By (1.3.1), β F will be identified with β ψ .
Unipotent monodromy part.
We have morphisms of perverse sheaves (compatible with mixed Hodge modules [11] )
whose compositions coincide with N on ψ f,1 A, ϕ f,1 A. If n ≥ 1 and X is a rational homology manifold at x, then they induce isomorphisms (1.4.1) can :
because the mapping cone of Var is RΓ Y A X (1) [2] and RΓ {x} RΓ Y A X = RΓ {x} A X . By the isomorphisms of (1.4.1), the morphism
which is the restriction of β F , can be identified with the composition of N and
which is induced by the natural morphism i ! → i * . Indeed, using can • Var = N together with the commutativity of the natural morphism i ! → i * with can, Var, we get a commutative diagram (1.4.4)
where the vertical morphisms are isomorphisms. Note that the morphism β ϕ,1 in (1.4.3) is an isomorphism in the isolated singularity case, because supp ϕ f A = {x}. A) 1 by using the isomorphisms of (1.3.1) and (1.4.1). For the non unipotent monodromy part, we have β ψ, =1 = β ϕ, =1 , because ψ f, =1 = ϕ f, =1 .
Spectral sequences.
There is a Leray-type spectral sequence
induced by the filtration τ on F , see [4] . This is compatible with mixed Hodge structure (using a t-structure in [12], 4.6). The calculation of (1.5.1) is not necessarily easy. One problem is that H q F is a constructible sheaf and not a local system, and some times we have to use the spectral sequence associated to a stratification, which is a special case of (1.5.2) below, to calculate its cohomology. Actually this spectral sequence can be formulated for a complex as below, and we do not have to use spectral sequences twice if we can calculate the E 1 -term of (1.5.2). But the calculation of d r is still nontrivial.
Let {Y k } be a stratification of Y compatible with F , where the Y k are locally closed analytic subspaces of Y with pure dimension k such that the restriction of H j F to Y k is a local system, and
Then there is a subcomplex of F whose restriction to U k coincides with F | U k and whose restriction to Y k−1 vanishes (i.e. it is the direct image with compact supports by U k → Y ). They form a decreasing filtration of F whose graded pieces are (the direct images with compact supports of) the restrictions of F to the Y k . So they induce the spectral sequence associated to the stratification
This is also compatible with mixed Hodge structure (using the quasi-filtration in [11] , 5.2.17). 
Proofs of
where G is the filtration associated to the spectral sequence (1.5.1).
2.3. One-dimensional singular locus case. If Σ λ := supp ϕ f,λ C X is 1-dimensional (e.g. if Sing f is 1-dimensional), let Σ λ,i be the local irreducible component of Σ λ at x, and take x i ∈ Σ λ,i ∩ L x . Then H j ϕ f,λ C X = 0 for j < n − 1, and
where τ i denotes the monodromy of the local system on Σ λ,i ∩ L x (which is called the vertical monodromy in [13] ). However, for a given element of i (
is not easy to determine whether it comes from H n−1 (F x , C) λ or not. Note that K x = Ker β ϕ does not vanish in general. (For example, if X is smooth and Y is a reduced divisor with normal crossings it is well-known (see e.g. [14] ) that the Milnor fiber is homotopy equivalent to a real torus of dimension m − 1 where m is the multiplicity of Y at the point, and in the case f = xyz and n = 2, we have dim
Remark.
There are examples such that the monodromy of H n−1 (F x , Q) is semisimple, but that of H n−1 (F y , Q) for y sufficiently near x has a Jordan block of size n (this implies that the converse of Theorem (0.2) does not hold). For example, consider a germ of (n − 1)-dimensional hypersurface (Y, x) with isolated singularity whose Milnor monodromy has a Jordan block of size n, take a projective compactification Z of Y in P n such that Z \ {x} is smooth (using finite determinacy of isolated singularity), and then take f : C n+1 → C to be a defining equation of Z.
2.5. Lowest degree term. Assume Σ λ := supp ϕ f,λ C X is r-dimensional (e.g. Sing f is r-dimensional). Let Σ Indeed, restricting to a subspace transversal to Σ 1 λ , (2.5.1) follows from the 1-dimensional singular locus case, and furthermore, the cokernel of the inclusion in (2.5.1) is given by K x in Theorem (0.1), see (2.3) . Similarly (2.5.2) follows from Theorem (0.1) by induction on strata.
